We present rigorous and intuitive master equation models to study on-demand single photon sources from pulse-excited quantum dots coupled to cavities. We consider three methods of source excitation: resonant pi-pulse, off-resonant phonon-assisted inversion, and two-photon excitation of a biexciton-exciton cascade, and investigate the effect of the pulse excitation process on the quantum indistinguishability, efficiency, and purity of emitted photons. By explicitly modelling the timedependent pulsed excitation process in a manner which captures non-Markovian effects associated with coupling to photon and phonon reservoirs, we find that photons of near-unity indistinguishability can be emitted with over 90% efficiency for all these schemes, with the off-resonant schemes not necessarily requiring polarization filtering due to the frequency separation of the excitation pulse, and allowing for very high single photon purities. Furthermore, the off-resonant methods are shown to be robust over certain parameter regimes, with less stringent requirements on the excitation pulse duration in particular. We also derive a semi-analytical simplification of our master equation for the off-resonant drive, which gives insight into the important role that exciton-phonon decoupling for a strong drive plays in the off-resonant phonon-assisted inversion process.
I. INTRODUCTION
Recently, the field of semiconductor quantum dot (QD)-cavity single photons sources (SPSs) has received much attention, with theoretical analyses spanning a broad range of topics, and numerous high quality experimental sources being realized in the past few years. In terms of understanding how to improve QD SPSs [1, 2] , much effort has been focused on the impact of electronphonon scattering on the SPS efficacy [3] [4] [5] [6] [7] [8] [9] , which degrades the SPS figures-of-merit via incoherent phonon relaxation-assisted photon emission, as well as the effects of the conventional resonant excitation process [10] -the most notable of which being the potential for multiphoton emission events from a single pulsed excitation [11, 12] . The increased theoretical understanding of how to realize high SPS figure-of-merit as well as experimental advances in charge noise reduction [13, 14] have led to numerous photon sources in recent years with high efficiency, purity (lack of multiphoton events), and quantum indistinguishability of emitted photons [15] [16] [17] [18] [19] [20] [21] . Waveguide-based photon sources have also seen extensive development [20, [22] [23] [24] , and integrated cavitywaveguide systems have the potential to harness the advantages of cavity coupling [21, 25] .
A commonly-held belief is that resonantly pumped sources are preferable to off-resonantly excited ones (in which the source is populated by decay from higher lying energy levels), due to the so-called timing jitter that arises from radiative emission from higher-lying states to the exciton of interest, which degrades the phase coherence of the emitted single photons, leading to a * c.gustin@queensu.ca SPS which produces photons of poor indistinguishability [1, 16] . Furthermore, resonant pulsed excitation leads to deterministic and on-demand production of single photons, which is critical for many potential applications. However, the fundamental requirement is not strictly resonant excitation, but rather that the (on-demand) excitation process creates an excited state in the QD in a deterministic and coherent manner-indeed, other (potentially) effective methods of coherent single-photon source generation include off-resonant phonon-assisted exciton inversion [6, 26, 27] , modified STIRAP [4] , two-photon excitation of a biexciton state [18] , and adiabatic rapid passage via a chirped pulse [28] [29] [30] . As the QD-cavity SPS rapidly advances towards a scalable, high-fidelity implementation, there is a clear need to understand the role of the excitation process on the quantum dynamics (particularly with respect to the phonon and photon reservoir couplings) and SPS figures-of-merit for these different excitation schemes. While the resonantly inverted QD-cavity SPS has been studied theoretically to these ends [10] , analyses of other excitation methods have often been restricted to studying population dynamics via one-time correlation functions of the system, which are sufficient for determining the SPS efficiency (via emitted photon numbers), but insufficient for calculation of the indistinguishability or purity of the emitted photons, which typically require two-time correlation functions. Furthermore, the need for polarization filtering for a resonant pulse (which reduces the effective efficiency by at least 50%), as well as the requirement of very short pulses to suppress multiphoton emission, naturally leads one to consider alternative methods of SPS generation.
In this work, we present rigorous time-dependent master equation (ME) models of the exciton-phonon and exciton-cavity interactions for a driven QD, valid for the short and high drive strength pulses which are often rearXiv:1906.06447v1 [quant-ph] 15 Jun 2019 quired for effective SPS generation. We focus on three methods of SPS excitation-resonant pulse, off-resonant acoustic phonon-assisted pulse, and biexciton excitation via a two-photon resonance process-and compare the impact of the excitation process on the SPS figures-ofmerit (efficiency, indistinguishability, and single photon purity) for these methods. We extend the work of Ref. [6] , which partly studied the figures-of-merit for a SPS excited via off-resonant phonon-assisted excitation with a phonon ME, but did not correctly include the effect of multi-photon generation, and used a "bad-cavity" approximation with respect to the cavity dynamics, which are now known to fail to correctly produce the dynamical decoupling effects associated with a short pulse [10] . In addition, we derive a semi-analytical simplification of the ME for the off-resonantly driven exciton, which provides explicit expressions for the relevant phonon scattering rates that are responsible for the exciton inversion, as well as drive-dependent pure dephasing. The layout of the rest of the paper is as follows: in Section II, we derive the time-convolutionless weak phonon coupling MEs used in the analysis of our QD-cavity setups, in Section III we present the results of our numerical simulations on the figures-of-merit for these excitation methods, as well as some insight into the underlying physics, and in Section IV we conclude. We also include two appendices, which contain a comparison of our weak phonon coupling ME with a polaron transform ME approach, and the full analytical simplification of the single-exciton ME, respectively.
II. QUANTUM DOT -CAVITY MODELS
In this section, we describe the relevant quantum optics models of our QD-cavity system, and derive weak Figure 1 . (a) Energy-level schematic of QD-cavity system for a single exciton coupled to a cavity mode with effective laser detuning δ l . For δ l = 0, this corresponds to resonant excitation, and for δ l > 0, this corresponds to off-resonant phononassisted excitation, where Γ + is the dominant scattering rate corresponding to this process. (b) Schematic of QD-cavity system for two-photon excitation of the biexciton, where the cavity is resonant to the biexciton-exciton transition (phonon states not shown for simplicity). Not shown here is another orthogonally polarized exciton state, |y , which is populated only via spontaneous emission from the biexciton.
phonon coupling MEs to treat the electron-phonon interaction. To describe the case of a resonantly or offresonantly (i.e., phonon-assisted inversion) pumped QD, we consider a single two-level system with ground |g and exciton |x states resonantly coupled to a quantized cavity mode with bosonic creation and destruction operators a † , a. We also study biexciton preparation via two-photon excitation (TPE) by considering a four-level biexciton cascade setup (two linearly polarized excitons and a two exciton, or biexciton, state), where the biexciton to exciton transition is coupled to the cavity. Figure 1 gives a schematic of these two scenarios. We then derive a time-convolutionless ME for this pulsed QD-cavity system, by treating the electron-phonon interaction perturbatively, and performing a Born-Markov approximation. This results in a weak phonon coupling ME. Such an approach misses certain non-Markovian features of the electron-phonon scattering, including the broad phonon sidebands [31, 32] . However, since we are dealing with photons emitted from the cavity mode, the cavity acts as a Lorentzian filter around the cavity mode resonance, and we only need the Markovian phonon dynamics to compute the output observables. While the weak coupling approach breaks down at elevated temperatures, we restrict our analysis to cryogenic temperatures T = 4 K, where the weak phonon coupling ME is appropriate for realistic QDs (as we show directly via a comparison with a polaron transform ME approach in Appendix A). The advantage of the weak phonon coupling ME is that it remains valid as the pump pulse intensity increases, and is thus capable of predicting the exciton-phonon decoupling that occurs at strong enough drive strengths, whereas a polaron ME approach fails [33, 34] . This will prove to be relevant in some of the regimes studied below.
A. Pulse excitation of a single exciton-cavity system
In this subsection, we consider the model used to study resonant pi-pulse SPSs, as well as the off-resonant phonon-assisted inversion SPS, by considering the single exciton system shown in Figure 1a . Our approximation of neglecting higher lying states is appropriate for
1 (see Figure 1b) for neutral QDs (such that the frequencydomain pulse amplitude at ω L − E B 2 is much less than its maximum amplitude), or charged QDs (trion states) [35] .
Our first system of interest consists of a two-level neutral QD system with ground and exciton states, described with Pauli pseudospin operators σ
, a cavity mode, and a reservoir of bosonic phonon modes with operators b q , b † q for wavevector q. Neglecting interactions with the photon bath reservoirs for now, we begin with the total Hamiltonian H = H S + H B + H I for a two-level system (below we also model the biexciton cascade setup) driven by a laser with time-dependent Rabi drive Ω(t) in frame rotating at the laser frequency ω L , where
and
are the system, phonon bath, and interaction Hamiltonians, respectively. Here, the laser detuning from the exciton frequency ω x is ∆ x = ω x − ω L , and the cavity detuning ∆ c = ω c − ω L . We assume the cavity is resonant with the exciton in this subsection. In the continuum limit of phonon modes, we can characterize the electron-acoustic-phonon interaction with the phonon spectral function appropriate for excitonphonon interactions via a deformation potential in QDs:
, where α characterizes the exciton-phonon coupling strength, and ω b is a frequency cutoff which depends on the size of the QD [36] . The weak phonon coupling ME, in the limit of no excitation pulse or cavity, gives a polaron shift of the exciton frequency, ω x → ω x − ∆ P , where
π/2. Thus, the resonance condition between the cavity and exciton is ∆ x = ∆ p −δ l and ∆ c = −δ l , where the effective laser detuning (magnitude) becomes δ l . From this point, we can derive a weak phonon coupling ME.
B. Weak Phonon Coupling
At low temperatures and for αω 2 b 1, we can treat the interaction term H I perturbatively by performing a 2nd-order Born-Markov approximation, tracing over the phonon reservoir [34] . This procedure generates the weak phonon coupling ME :
where we have added Lindblad terms, 
where N = σ + σ − , and
and the operator U (t, t 0 ) evolves the system via the system Hamiltonian H S (t) from time t 0 to t. In general, calculation of this operator is non-trivial, but here we can make an additional Markov approximation with respect to the time-dependent element of the system Hamiltonian, valid for τ p ω b 1; for these parameters, τ p 2 ps [10] . Pulse widths larger than this value additionally suppress two-photon excitation of higher energy exciton states for common QD parameters (biexciton binding energy). The phonon-scattering term then simplifies to: (7) whereÑ (−τ ) = e −iH S (t)τ / N e iH S (t)τ / , and
(8) During excitation by a short pulse (as is the case in this work), the dynamics dictated by Equation (7) can further be simplified by neglecting the role of the cavity in thẽ N (−τ ) transformation, and we use this simplification in Figures 3 and 4 as well as to derive explicit scattering rates for certain phonon processes. In Appendix B, we evaluate the validity of this approximation and show the full ME in this simplified form.
C. Two-Photon Excitation via the Biexciton-Exciton Cascade
In this subsection, we consider the excitation of a SPS consisting of a four level biexciton-exciton cascade system; this includes the QD (ground |g , linearly polarized excitons |x and |y , and the biexciton |u ), with the biexciton-exciton transition coupled to a cavity mode, which decreases timing jitter effects via the Purcell effect. The biexciton state is excited via TPE using a pulse that is detuned from the exciton state with half the biexciton frequency (i.e., two-photon resonant with the biexciton state, cf. Figure 1b) . In a frame rotating at the laser frequency, the system Hamiltonian for this setup is
where σ + u = |u x|, σ − u = |x u|, and σ
Note that to avoid cavity coupling to the ground to exciton transition, we require κ E B . Also, to avoid direct excitation of the exciton, the pulse width is limited by τpE B 4
1. As before, the bath Hamiltonian is
and the interaction Hamiltonian is now
We take the phonon coupling constant for the biexciton state to be twice the exciton phonon coupling constant [37] , which gives N ux = 2σ
We subsequently derive a similar ME for this biexciton cascade setup:
with Lindblad terms corresponding to spontaneous emission into background photonic reservoirs γ u /2σ
√ γσ − , and √ γ |g y|. We also, again, have loss from the cavity √ κa. Note that we have assumed that the background radiative decay rates are independent of the polarization (x or y) of the transition, though this is easily relaxed. The phonon scattering term L w ρ is the same as Equation (7), but with N → N ux , and N ux calculated with the H S from this section.
D. Single Photon Source Figures-of-Merit
To quantify the efficiency of the SPSs studied, we use the expectation value of the emitted cavity photon number:
where the long time limit is after the system has decayed to steady state following a single pulse excitation. We also quantify the indistinguishability by simulation of a Hong-Ou-Mandel two-photon interference experiment, as in Ref [38] :
where
gives the degradation of the two-photon interference due to the first-order coherence (note that this can also be affected by multi-photon emission), and
is the degradation of the two-photon interference due to the second-order coherence (multi-photon states). Additionally, G 
, and the first and second order coherences are
, respectively, calculated via the quantum regression theorem [39] .
Another useful quantity is the Purcell factor-the enhancement of the spontaneous rate into the cavity. Although only strictly accurate in a long-time limit and with weak cavity coupling (g κ), this metric is given by F P = 4g 2 κγ (on resonance), which is slightly reduced by phonon coupling [40] . High Purcell factors can, even for a short pulse, simultaneously increase SPS efficiency and indistinguishability by increasing the proportion of photons emitted into the desired cavity mode, while filtering out phonon sidebands that degrade the coherence of emitted photons [3, 5, 10] .
III. RESULTS
For our numerical calculations, we use an optical pulse of the form Ω(t) = Ω 0 e Ω(t)dt is the pulse area, and
We also use phonon parameters α = 0.03 ps 2 , ω b = 0.9 meV [26] , and a temperature of T = 4 K. For a resonant pulse to invert the QD, we use Θ = π; the phonon interaction gives a coherent attenuation of the pulse strength (as well as g), which is captured with a polaron transform approach [31, 34] , although we neglect this as it has a small effect on the dynamics for our phonon parameters and temperature (Ω → 0.96Ω). For all the simulations below, we let γ = 1 µeV (∼ 660 ps exciton lifetime without cavity coupling). Unless otherwise stated, our cavity parameters are g = 20 µeV, κ = 50 µeV, giving In Figure 2 (a-b) , we plot the indistinguishability and emitted photon number for different resonant pulse and cavity parameters. A thorough analysis of how to simultaneously optimize resonantly pulsed single photon sources is given in Ref. [10] ; however, the main points are that short pulses should be used to minimize twophoton emission via re-excitation, and a high Purcell factor should be used to maximize collection efficiency through the cavity. The criteria for suppression of twophoton emission is usually τ p 1 F P γ , although this criterion can be relaxed to τ p 1 κ due to the dynamical decoupling between the cavity and exciton that occurs during a short pulse. Furthermore, high Purcell factor, high Q cavities increase photon indisinguishability by filtering the phonon sidebands [3, 5] . For these parameters, simultaneous indistinguishabilities of > 95% and emitted cavity photon numbers of > 90% can be achieved for a short pulse of τ p = 2 ps. Note that in charge neutral QDs, the biexciton state places a lower limit on the pulse width as mentioned in Section II A.
Using off-resonant phonon-assisted excitation, one can harness the fact that at low temperatures, phonon emission is much more probable than phonon absorption, and excite with a pulse above the exciton resonance. This leads to an adiabatic preparation of the exciton which is more robust to fluctuations in laser detuning and power. To illustrate this, in Figure 3 , we vary the laser detuning and pulse area and plot the exciton population at a time 2τ p after the peak of the pulse. One can clearly see that as the pulse width is decreased, the efficiency of the inversion process is greatly reduced. Two reasons for this can be seen. In Figure 3c , it is clear that as the pulse width is reduced, the detuning regime where Rabi oscillations are prominent is increased, as the spectral content of the pulse overlaps with the exciton resonance, interfer- ing with the phonon-assisted inversion process. Another reason for this can be explained by looking at Figure 4 , in which we plot the exciton populations as a function of time for different pulse widths and pulse areas. We also plot the incoherent excitation rate
where Ω R (t) = Ω 2 (t) + ∆ 2 x , which as shown in the supplementary material, is the dominant rate that dictates the phonon-assisted excitation. From Equation (16) , it is clear that the rate of phonon-assisted excitation will be proportional to the exciton-phonon coupling strength α, and will be suppressed for effective drives Ω R ω b . At a pulse width of τ p = 10 ps (Figure 4b and 4d) , the pulse duration is sufficiently long such that the system has time to approach the inverted state. Note that the rate Γ + (t) dips in the middle of the pulse, which is due to the effective drive Ω R (t) exceeding the spectral response frequency region determined by the phonon spectral function J p (ω), and is an indicator of decoupling between the exciton and phonon bath. However, the dip is small enough here to not significantly degrade the inversion process, and in fact partially contributes to the avoidance of excessive two-photon probabilities by delaying the time-dependent population of the exciton state until the end of the pulse. As we go to lower pulse widths (Figures 4a and 4c) , if we choose a pulse area to not allow the phonon bath to strongly decouple during the middle of the pulse, there is not enough time to allow for complete inversion. However, increasing the pulse area to compensate for this will cause strong decoupling of the exciton-phonon system, which also prevents inversion. The relative timescales set by the phonon spectral function parameters thus place a lower bound on the pulse widths that can be used.
On the other hand, the possibility of multi-photon emission places upper limits on the pulse widths that should be used to obtain good single photon figures-ofmerit. In Figures 2c and 2d , we plot the indistinguishability and emitted photon number against pulse area for two pulse widths, and two different detunings. For a short pulse of τ p = 6 ps, we have simultaneous I ≈ 99%, and N a ≈ 0.71, while at a significantly longer pulse of τ p we have I ≈ 98%, and N a ≈ 0.9. This suggests that the off-resonant excitation scheme, in a high-Q cavity system, has the potential to generate single photons of near-unity indistinguishability (very nearly only limited by excitoncavity dephasing due to intrinsic phonon coupling) and high efficiencies across a broad range of pulse widths, in favourable contrast to the resonantly excited system which is limited, even in a best-case scenario, to < 50% efficiency due to polarization filtering. These findings shed light on a recent work which numerically studied the second order coherence of an off-resonantly pumped QD-cavity system [41] .
To help understand the effect of timing jitter on the indistinguishability of the emitted photons from a biexciton-exciton cascade system, as shown in Figure 1b , it is useful to consider a simple model of radiative decay from the excited cascade system. Consider the idealization of a pulse which perfectly inverts the system, such that initially the system is in the biexciton state ρ(t = 0) = |u u|. Then, for weakly coupled cavities with g/κ 1, the cavity mode can be adiabatically eliminated (ȧ ≈ 0) from the dynamics such that a ≈ −i (note one could alternatively define the Purcell factor to be the enhancement of the total biexciton decay rate). The indistinguishability corresponding to this transition (as well as the exciton-ground transition) is then found to have the simple analytic form:
Clearly, then, a high Purcell factor cavity can increase the coherence of the emitted photons for both transitions, by reducing timing jitter. Equation (17) also implies that a cavity with a Purcell enhancement on the exciton to ground transition instead, or a broadband cavity that gives significant Purcell enhancement for both transitions, will lead to poor indistinguishabilities. It is very important to note, however, that this equation was derived with multiple approximations that are not completely realistic in actual systems, and so numerical calculations are required for quantitative results. Most importantly, the weak phonon coupling approach misses the broad phonon sidebands that affect the indistinguishability calculation via the first-order coherence function of the exciton-emitted fields. Heuristically, we could expect Equation (17) . Biexciton-cavity single photon figures-of-merit for a pulse-triggered SPS via TPE, with a biexciton binding energy of EB = 3 meV, and γu = 2γ. To achieve an "effective" twophoton pi-pulse, the pulse area is varied numerically for each simulation.
In Figure 5 , we plot the indistinguishability and emitted cavity photon numbers for different pulse widths. Since the criterion for an "effective" pi-pulse when using off-resonant inversion is not strictly defined except in the limit where the intermediate (exciton) state can be adiabatically eliminated from the dynamics-Ω(t) E B --we instead vary the pulse area for each simulation to obtain (approximately) the largest emitted cavity photon number, as would be the case in an experiment. As seen in Figure 5 , the indistinguishability remains high for a relatively large range of pulse widths, in contrast to the resonantly excited system. This is due to a high suppression of multiphoton emission [18] ; i.e., for τ FWHWM = 7.3 ps, we have D 1 = 0.02, but only D 2 = 3 × 10 −4 . The indistinguishability is only very slightly lowered (∼ 0.2%) by taking γ x → γ x /2, γ u → γ u /2, indicating that the degradation of indistinguishability for this setup and cavity/pulse parameters can thus be attributed almost entirely to intrinsic cavity-induced phonon scattering [3] , as well as (to a smaller extent) timing jitter. As long as the pulse width is large enough as to not excite the exciton (
1), the figures-of-merit are again somewhat robust against changes in the pulse width (as in the offresonant phonon-assisted case)-a signature of the adiabatic population inversion processes.
IV. CONCLUSIONS
In summary, we have derived several timeconvolutionless MEs to study pulse-driven QD-cavity systems which incorporate electron-phonon scattering rigorously, even for pulses with drive strengths greater than the phonon bath correlation time. We have used these MEs to study three methods of QD-cavity SPS excitation-resonant pi-pulse excitation, off-resonant phonon-assisted inversion, and TPE of the biexcitonexciton cascade. For our QD-cavity parameters, we find indistinguishabilities and emitted cavity photon numbers of > 95% and > 0.9 simultaneously achievable for a resonant pulse of τ FWHM ≈ 3.3 ps, similar to results of our previous work [10] . However, this resonantlypumped source requires polarization filtering, reducing the efficiency by at least 50%. In contrast, we find for off-resonant phonon-assisted inversion near-unity indistinguishabilities (limited primarily by intrinsic phonon coupling) for a broad range of pulse widths, and for (e.g.) τ FWHM = 33.3 ps, an emitted photon number of ∼ 0.9. Furthermore, this system is more robust to small fluctuations in laser detuning and power.
We have also investigated via analytical simplification of our ME the role of exciton-phonon decoupling due to strong pulse interactions, which we found to be highly relevant to the dynamics of this scheme both in terms of setting fundamental limits on the pulse widths that can be used, as well as its role in reducing two-photon emission events. Finally, for the SPS based on TPE of the biexciton, we find again near-unity indistinguishabilities, limited primarily by timing jitter and electronphonon coupling. We have also shown how a high-Purcell factor cavity coupled to the biexciton-exciton transition can reduce dramatically the negative effect of timing jitter on the SPS indistinguishability, and that this system can produce single photons with an ultra-low two-photon probability, as previously shown by Hanschke et al. [18] . These excitation schemes provide a pathway towards experimental SPSs of even higher efficiency, indistinguishability, and purity, and our intuitive ME approaches provide a simple and insightful framework for modelling such systems.
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This work was supported by the Natural Sciences and Engineering Research Council of Canada (NSERC) and Queen's University. We thank Zheng-Yang Zhou for useful discussions. In the main paper, we use a weak phonon coupling ME to calculate the exciton-phonon coupling via a BornMarkov approximation. However, the validity of the perturbative Born-Markov approximation for describing the interaction can break down at elevated temperatures or for strong phonon coupling parameters [36] . A polaron transform ME, where one unitarily transforms into a "polaron" frame in which the zero-field exciton-phonon coupling is exactly diagonalized before performing the BornMarkov approximation with respect to the field-induced polaron-phonon couplings, has been show to be valid across a much broader range of temperatures and phonon coupling strengths [33] . However, the polaron transform ME can break down for pulse amplitudes which approach the phonon cutoff frequency ω b -which is the case for some of the results in Section III [34] . Thus, in this Appendix we compare the dynamics of a driven QD-cavity system with both MEs in a regime where the pulse amplitude is weak. In this regime, we can expect the polaron transform ME to be rigorously accurate, and as such the regime in which we expect the weak phonon coupling ME to also be valid can be determined by comparison.
The model used for the weak phonon coupling ME is described by Equation (4). The equivalent description of the dynamics via a polaron transform ME is given by (e.g., see Ref. [10] ):
where where
2 sinh (φ(τ )) are the polaron Green functions, with
and B = e −φ(0)/2 . Within the additional Markov approximation used in Sec II B, we havẽ
The Lindblad terms are the same as those in the weak phonon coupling ME, and the polaron-renormalized system Hamiltonian H S is
which is similar to the weak phonon coupling H S (t), but with the polaron shift included in the system Hamiltonian, and the cavity and pulse strengths being attenuated by a factor B .
In Figure 6 , we compare the dynamics of a driven QDcavity system using both MEs (Equations (4) and (A1)). While the weak-coupling approach breaks down at high temperatures, for T = 4 K (and even T = 15 K) it remains highly accurate.
Appendix B: Analytical Simplification of the Master Equation
In this Appendix, we give an analytical simplification of Equation (7) by neglecting the influence of the cavityexciton coupling term of the system Hamiltonian in the transformationÑ (−τ ) = e −iH S (t)τ / N e iH S (t)τ / . This approximation is appropriate for short pulses, as in the regimes studied here the maximum pulse amplitudes (and detunings in the off-resonant case) are much larger than g-see Figure 7 . We can then commute the remaining cavity term, and the remaining transformation acts only on the ground-exciton subspace, through:
These matrix exponentials are straightforwardly calculated by diagonalizing A, and we find
where σ z = σ + σ − − σ − σ + . Expanding the ME and using the fact that ∞ 0 dτ Γ w (τ ) = −i∆ P , we arrive at the explicit analytical result:
(σ x ρN − N σ x ρ + H.c.)
− Re{R s } Ω Ω R (σ y ρN − N σ y ρ + H.c.)
where we have suppressed the explicit functional dependence on time of Ω(t), Ω R (t) = Ω 2 (t) + ∆ 2 x , R c (t), and R s (t) for notational brevity, and 
The effective pulse-driven pure dephasing rate is
Through careful analysis of, e.g., the Bloch equations formed by considering the matrix elements of Equation (B4), as well as with numerical calculations, we can see that for negative detuning ∆ x (above resonance excitation), the rate corresponding most closely to the phonon-assisted inversion of the exciton is Γ + (t) = −Im{R s (t)} Ω(t) Ω R (t) − Re{R c (t)} Ω(t)∆ x Ω R (t) 2 . (B8)
The second term is, in the regimes studied here, smaller than the first and so for the sake of qualitatively gaining Comparison of populations calculated with analytically simplified ME of Equation (B4) (solid red) versus the ME with the phonon dissipator of Equation (7) (dashed blue). The differences are, as expected, negligible during the pulse, and as such populations immediately following the pulse can be calculated using the approximate ME for short pulses.
Here, τp = 4 ps, Θ = 10π, and δ l = 500 µeV.
better insight we can approximate
as used in Section III.
In Figure 7 , we compare the population dynamics with this approximate simplified ME versus the full result (see figure caption for precise equations used), which includes the effect of the cavity terms in theÑ (−τ ) transformation. As expected, we see excellent agreement for a short pulse; note that the cavity terms in the transformation are responsible for cavity-exciton pure dephasing which causes a degradation of the single photon indistinguishability [3] , and as such they should be considered for full simulations of the radiative dynamics. As such, we only use the simplified ME for the results of Figures 3 and 4 .
